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1. Introduction and results
Amethod for constructing lattice regularizations of certain supersymmetric Yang-Mills (SYM)
theories was recently presented in [1,2]. The basic idea is to create a lattice which respects a
subset of the fermionic symmetries of the SYM target theory; these exact symmetries greatly
restrict the form of relevant operators that can be added to the lattice actions, ensuring that
the lattice theory flows to the desired target theory in the continuum limit with little or no
fine tuning. Realizing this simply stated goal is not so straightforward, however. Naive imple-
mentations of fermionic symmetries in lattice models lead to continuum theories which have
neither the desired Lorentz symmetry or supersymmetries. Our approach utilizes “orbifold”
technology introduced originally in string theory [3], and our lattice constructions borrow most
directly from work on the deconstruction of supersymmetric field theories [4, 5]. As should
be expected, the supersymmetric lattices we construct do not look very conventional. Gauge
fields appear as noncompact variables, both complex spin zero bosons and Dirac spinors have
their components dispersed over both sites and links, and the lattices are not simple cubic
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structures. In many cases we are able to show that attaining the desired continuum limit of
such theories involves no fine tuning of operator coefficients. Most of these lattices have the
fascinating property that nonabelian chiral symmetries result in the continuum limit without
fine tuning, and without having to implement sophisticated fermions, such as domain wall [6]
or overlap [7, 8]. A serious obstacle to the numerical implementation of these lattices exists,
however, in that for at least some cases the fermionic determinant is known not to be positive
definite [9].
In ref. [1] spatial lattices were constructed for a number of SYM theories with four, eight,
and sixteen supercharges, while in ref. [2] the method was applied to the construction of a four
supercharge SYM theory on a two dimensional Euclidean spacetime lattice. In this paper we
extend this previous work to the study of Euclidean spacetime lattices for SYM theories with
eight supercharges in two [10, 11] and three dimensions [12–14]. We are able to show that
the two dimensional example involves no fine tuning, while there are two related operators in
the three dimensional case which may receive logarithmic corrections at one loop (but not at
higher loops). A companion paper describing lattices for sixteen supercharge SYM theories
is in preparation.
For those uninterested in the technical details of our construction of supersymmetric
lattices, we begin by simply specifying the target theories we are considering and presenting
the corresponding lattice actions, along with the dictionary relating the continuum and lattice
variables. We then proceed to describe, first for the two- and then for the three-dimensional
case, how we arrive at such lattice actions. We make explicit the exact supersymmetries on
the lattice using superfield techniques, and then exploit these symmetries to understand the
continuum limit. For additional discussion of the general method, and for citation of prior
work on supersymmetric lattice theories, we refer the reader to Refs. [1, 2].
1.1 Q = 8 SYM in d = 2 dimensions
The eight supercharge SYM theories we consider can all be obtained by dimensional reduction
of N = 1 SYM in six dimensions. The two dimensional version, referred to as (4, 4) SYM in
1+1 Minkowski dimensions, has a continuum action which can be written in Euclidean space
in terms of two gauge potentials v1, v2, two Dirac fermions Ψαi, where α = 1, 2 is the spinor
index and i = 1, 2 is a flavor index, and four real scalars sµ = {s0, sa}:
S =
1
g22
∫
d2x Tr
[
1
4
vmnvmn+
1
2
(Dmsµ)
2+ΨiγmDmΨi+Ψi[s0, Ψi]+iΨiγ3τ
a
ij[sa, Ψj]−14 [sµ, sν]2
]
.
(1.1)
(Throughout this paper, indices µ, ν run over 0, . . . , 3, indices a, b, c run over 1, 2, 3, and
indices i, j, k run over values 1, 2; the letters m,n are reserved for spacetime indices running
over the values appropriate in the given context. We will use the letter a to refer to the lattice
spacing.) All fields in the above expression are k×k matrices, transforming as adjoints under
the U(k) gauge symmetry; vmn is the gauge field strength, τ are the Pauli matrices acting on
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Figure 1: The unit cell of the Euclidean lattice for the two dimensional SYM theory with eight
supercharges. The lattice respects two exact supercharges. The figure on the right displays the location
of the lattice variables associated with site n (Latin for complex bosons, Greek for one-component
fermions). Arrows signify the orientation of the link variables, or equivalently, the direction of their r
charge vectors, as given in Table 1.
the flavor indices, and the three γ matrices satisfy the usual Clifford algebra, {γm, γn} = 2δmn.
This action has an SU(2)3 global R-symmetry, consisting of the SU(2) R-symmetry of N = 1
SYM in six dimensions, and the SO(4) ∼ SU(2) × SU(2) inherited from the SO(6) Lorentz
symmetry of the six-dimensional theory after dimensional reduction to two dimensions.
The lattice action we propose for simulating this theory is
S =
1
g2
∑
n
Tr
[
1
2 (zi,n−eˆizi,n−eˆi − zi,nzi,n + [z3,n, z3,n])2
+ 2
(
|ǫijzi,nzj,n+eˆi |2 + |zi,nz3,n+eˆi − z3,nzi,n|2
)
+
√
2
(
∆n(λ, za, ψa)−∆n(χ, za, ξa) + ǫabc∆n(ψa, zb, ξc)
)
+
a
2µ2
2
[(
zi,nzi,n − 1
2a2
)2
+ 2
z3,nz3,n
a
2
]]
(1.2)
where the sum is over sites n = {n1, n2} with n1,2 ∈ [1, N ], with eˆ1, eˆ2 being unit vectors in
n1 and n2 directions respectively. All variables are k×k matrices satisfying periodic boundary
conditions on the lattice, and there is an independent U(k) symmetry associated with each
site, which becomes the U(k) gauge symmetry of the the continuum theory. The indices i, j
run over 1 and 2, the subscripts a, b, c take on the values 1, 2, 3, and all repeated indices are
summed. In this expression, the variables za and za refer to complex bosonic variables and
their conjugates, while λ, χ, ψa and ξa refer to one-component Grassmann variables.
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The structure of the lattice is shown in Fig. 1. We have defined ∆ as
∆n(A,B,C) ≡ An(BpCq − CrBs) , (1.3)
where the site variables p, q, r, s are determined in terms of n such that each term is gauge
invariant, corresponding to a closed path on the lattice of Fig. 1. For example:
∆n(λ, z1, ψ1) = λn(z1,n−eˆ1 ψ1,n−eˆ1 − ψ1,n z1,n) ,
∆n(χ, z3, ξ3) = χn(z3,n+eˆ1+eˆ2 ξ3,n − ξ3,n z3,n) ,
∆n(χ, z1, ξ1) = χn(z1,n+eˆj ξ1,n − ξ1,n+eˆi z1,n).
(1.4)
The last line in Eq. (1.2) requires special mention. The parameter a appearing in the
action has dimension of length; it determines the expectation values of the link variables 〈zi〉,
which in turn define the lattice spacing. The continuum limit is defined as a → 0, N → ∞
while holding fixed the 2-dimensional coupling g2 ≡ ga and the lattice size L ≡ Na. Special
to two dimensions is that the continuum and thermodynamic limits are not independent,
but must satisfy g2a lnN → 0 (see ref. [2]). The term proportional to µ2 softly breaks the
exact supersymmetry, and controls the size of quantum fluctuations of our dynamical lattice
spacing, δzi ∼ g2/(µL). To ensure that the fluctuations δzi are small compared to their mean
value (δzi ≪ 1/a) µ must satisfy the constraint µL ≫ g2a which can be simply satisfied by
taking µ ∼ 1/L.
The correspondence between the lattice variables of Eq. (1.2) and the continuum variables
in Eq. (1.1) are
Ψ1 =
(
ξ1
ξ2
)
, Ψ2 =
(
λ
−ξ3
)
, Ψ1 =
(
−χ ψ3
)
, Ψ2 =
(
ψ1 ψ2
)
. (1.5)

s0
s1
s2
s3
 =

φ1
−(z3 + z3)/
√
2
i(z3 − z3)/
√
2
φ2
 , φi ≡ √2Re
(
zi − 1√
2 a
)
, vm = Im [zm] . (1.6)
1.2 Q = 8 SYM in d = 3 dimensions
The target theory in three dimensions consists of a gauge potential vm, where now m =
0, 1, 2; two Dirac fermions Ψαi; and three real scalars φa, a = 1, 2, 3. The action respects an
SU(2)× SU(2) global symmetry under which vm is a (1, 1), Ψ and Ψ together form a (2, 2),
and φa = (3, 1). The action is
S =
1
g23
∫
d3x Tr
[
1
4
vmnvmn+
1
2
(Dmφa)
2+ΨiσmDmΨi−Ψiτaij · [φa, Ψj]−
1
4
[φa, φb]
2
]
. (1.7)
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Figure 2: The unit cell of the Euclidean lattice for the three dimensional SYM theory with eight
supercharges. Latin and Greek letters refer to complex boson and one-component Grassmann variables
respectively. The lattice respects one exact supercharge.
The unit cell for our lattice version of this theory is shown in Fig. 2. The action is given
by
S =
1
g2
∑
n
Tr
[
1
2 (za,n−eˆaza,n−eˆa − za,nza,n)2 + 2 |ǫabc za,nzb,n+eˆa |2
+
√
2
(
∆n(λ, za, ψa)−∆n(χ, za, ξa) + ǫabc∆n(ψa, zb, ξc)
)
+ a2µ2
(
zb,nzb,n − 1
2a2
)2]
(1.8)
The operator ∆ is defined as in Eq. (1.3); however, terms differ from the two dimensional
case due to the different lattice structure. Now, for example
∆n(χ, z3, ξ3) = χn(z3,n+eˆ1+eˆ2ξ3,n − ξ3,n+eˆ3z3,n) , (1.9)
corresponding to the signed sum of the two triangular plaquettes on either side for the χ link
in the χ − ξ3 − z3 plane in Fig. 2. The lattice action, with the exception of the soft SUSY
breaking terms proportional to µ2 which fix the lattice size, respects a single supercharge. In
the case of this three dimensional lattice, the continuum limit is defined by a → 0, g → ∞,
a
3g2 → g23 , N → ∞, keeping g23 and L = aN fixed. The infinite volume limit involves taking
L → ∞ and µ → 0, with µL held fixed and satisfying µL ≫ (g3 a/
√
L); as in the two
dimensional case, one can simply fix µL ∼ 1.
In terms of the lattice fields in Eq. (1.8), the continuum fields in Eq. (1.7) are given by
vm =
√
2 Im[zm] , φa =
√
2Re
[
za − 1√
2 a
]
, (1.10)
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for the bosons, and for the fermions
Ψ1 =
1√
2
(
ψ3 − iχ
ψ1 + iψ2
)
, Ψ1 =
i√
2
(
ξ3 + iλ
ξ1 − iξ2
)T
(1.11)
(1.12)
Ψ2 =
1√
2
(
−ψ1 + iψ2
ψ3 + iχ
)
, Ψ2 =
i√
2
(
−ξ1 − iξ2
ξ3 − iλ
)T
(1.13)
in a basis where the three gamma matrices are just the Pauli matrices,
γm = σm . (1.14)
In the following sections we derive these results and analyze the renormalization proper-
ties of our lattices.
2. The mother theory and the orbifold projection
The lattices for Q = 8 SYM theories in two and three dimensions arise from the Q = 8 mother
theory obtained by dimensionally reducing N = 1 SYM from six (Euclidean) dimensions (a
theory consisting of a six component gauge potential and a four component Weyl adjoint
fermion) to zero dimensions. The action for the mother theory may be written as
S =
1
g2
(
1
4
Tr vmnvmn +Tr ψΣm[vm, ψ]
)
, (2.1)
where m,n = 0, . . . , 5, ψ and ψ are independent complex four-component spinors and vmn =
i[vm, vn]. The variables ψ, ψ and vm are all matrices transforming as adjoints under a Lie
group G. The six Σm matrices are defined as
Σm = {1, iγ} = Σ†m (2.2)
where γ are the five four-dimensional gamma matrices obeying the Clifford algebra for SO(5).
The global symmetry of the action Eq. (2.1) is GR = SO(6) × SU(2). The SO(6)
symmetry is just the (Euclidean version of the) inherited six dimensional Lorentz symmetry,
but the form of the action Eq. (2.1) makes the SU(2) symmetry far from manifest. We
therefore define C to be the charge conjugation matrix for SO(5) satisfying
C = C† = C−1 = −CT , CγC = +γT , (2.3)
and define the 4× 2 Grassmann field
Ψ =
(
ψ Cψ T
)
. (2.4)
– 6 –
In the above expression, the transpose in ψ T affects the Dirac indices only, and not the gauge
indices. Then in terms of Ψ, the action Eq. (2.1) may be reexpressed as
1
g2
(
1
4
Tr vmnvmn − i
2
Tr σ2Ψ
TC Σm [vm, Ψ]
)
. (2.5)
It is now evident that this mother theory has a global GR = SO(6)×SU(2) symmetry under
which
v → ΩvΩ−1 , Ψ→ ΩΨU † , with v ≡ CΣmvm , (2.6)
where Ω ∈ SO(6) and U ∈ SU(2).
The eight supersymmetry transformations may be parametrized by a constant Grassmann
4 × 2 dimensional spinor κ. The action Eq. (2.5) is invariant under the supersymmetry
transformations
δvm = Tr2 σ2 κ
TC ΣmΨ , δΨ = −ivmnΣmnκ , δΨT = −ivmnκTΣTmn , (2.7)
where Tr2 means a trace over the 2 × 2 matrix, and not over gauge indices, and we have
defined the matrices
Σmn =
i
4
(
ΣmΣn − ΣnΣm
)
. (2.8)
A lattice may be created out of the matrices of the mother theory, following the procedure
in [2]. To create a d-dimensional lattice with Nd sites and possessing a U(k) gauge symmetry,
we take the group G of the mother theory to be U(kNd). The variables of the mother theory
are then all kNd × kNd matrices. A given matrix variable Φ of the mother theory is most
conveniently labeled not with two indices, but as Φ
(µ,ν)
ij , where i, j run from 1, . . . , k, while µ
and ν are d-component vectors, with each element running over 1, . . . , N . We then define a
particular Γ = ZdN subgroup of the GR×G symmetry of the mother theory, whose generators
γˆa act on the field Φ as
γˆaΦ = e
2πira/NC(a) Φ C(a)−1 with a = 1, . . . , d . (2.9)
In this expression, e2πira/N ∈ GR and C(a) ∈ G. The C(a) are referred to as “clock” matrices.
They can be written compactly as the direct product of d rank-N matrices and one rank-k
matrix:
C(1) = Ω⊗ 1N ⊗ · · · ⊗ 1N ⊗ 1k ,
C(2) = 1N ⊗ Ω⊗ · · · ⊗ 1N ⊗ 1k ,
. . .
C(d) = 1N ⊗ 1N ⊗ · · · ⊗ Ω⊗ 1k ,
(2.10)
where 1m signifies a rank-m unit matrix, and Ω is the rank-N unitary matrix
Ω =

ω
ω2
· · ·
ωN
 with ω ≡ e2πi/N . (2.11)
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When multiplied on the left of Φ
(µ,ν)
ij C(m) acts nontrivially only on the mth component of
the index vector µ, while C(m)−1 acts nontrivially only on the mth component of the index
vector ν when multiplied on the right.
The integer charges r = {r1, . . . , rd} in Eq. (2.9) are constructed from the Cartan sub-
algebra of GR = SO(6)× SU(2). Our specific choice of these charges is discussed below. We
will choose a basis for the variables of the mother theory such that each Φ
(µ,ν)
ij is an eigenstate
of these d charges, and so each factor e2πira/N in Eq. (2.9) will be a simple phase, and will
act trivially on the indices of Φ
The orbifold projection eliminates the components of the mother theory fields which
are not invariant under the discrete Γ transformation defined in Eq. (2.9). The projection
operator may be written as
Pˆ =
1
Nd
N∑
m1=1
. . .
N∑
md=1
(γˆ1)
m1 · · · (γˆd)md . (2.12)
The “daughter” theory is obtained by replacing every field Φ in the action of the mother
theory by its projection Φ˜ = PˆΦ. Each projected field Φ˜ is very sparse, consisting only of Nd
nonzero (unconstrained) k×k blocks; the position of these nonzero blocks within the original
rank k Nd matrix is determined by the r charges of Φ. In particular, the nonzero blocks in
Φ˜
(µ,ν)
ij occur only for
ν = µ+ r . (2.13)
Recall that µ, ν and r are each d-component vectors with integer components running from
1 to N . We can therefore consider these nonzero k × k blocks as lattice variables of a d-
dimensional, Nd-site lattice. We label each lattice site by a vector µ. Each nontrivial block in
Φ˜ is then a variable residing on the link between sites µ and µ+r. Since the orbifold projection
breaks the symmetry G of the mother theory down to an independent U(k) symmetry for
each of the Nd sites of the lattice, a link variable between sites µ and µ+ r transforms under
the bilinear ( , ) representation of the U(k) × U(k) symmetry associated with sites µ and
µ+ r. A variable of the mother theory with r = 0 corresponds to site variables on the lattice,
each one transforming under the adjoint representation of the U(k) symmetry associated with
that site.
In order to make this explicit, we must choose the r charges, and express the variables
of the mother theory in terms of eigenstates of these charges. We begin by defining a basis
q1, . . . , q4 for the Cartan sub-algebra of the rank 4 group GR = SO(6)×SU(2). The generators
of the SO(6) are just the matrices Σmn defined in Eq. (2.8), while we denote the three
generators of the SU(2) as 12τ . We choose as our basis the four mutually commuting charges
q1 = Σ01 , q2 = Σ23 , q3 = Σ45 , q4 =
1
2τ3 . (2.14)
Next we define the three bosonic variables za and their Hermitean conjugates za, which are
linear combinations of the six gauge fields vm of the mother theory, and which are eigenstates
– 8 –
of the qi:
z1 = +i
v0+iv1√
2
, z2 =
v2+iv3√
2
, z3 =
v4+iv5√
2
,
z1 = −iv0−iv1√2 , z2 =
v2−iv3√
2
, z3 =
v4−iv5√
2
.
(2.15)
The qi charges of these variables are given in Table 1.
At this point it is convenient to use the particular basis for the SO(5) gamma matrices
of Eq. (2.2)
γ1 = −σ3 ⊗ 1 , γ2 = σ1 ⊗ σ1 , γ3 = −σ1 ⊗ σ2 ,
γ4 = −σ1 ⊗ σ3 , γ5 = σ2 ⊗ 1 , C = σ3 ⊗ σ2 .
(2.16)
In this basis the qi are diagonal,
q1 =
1
2 σ3 ⊗ 1 , q2 = 12 1⊗ σ3 , q3 = 12 σ3 ⊗ σ3 , q4 = 12τ3 , (2.17)
and the gauge potential matrix takes the particularly simple form
v = CΣmvm =
√
2

0 z1 z2 z3
−z1 0 z3 −z2
−z2 −z3 0 z1
−z3 z2 −z1 0
 . (2.18)
Furthermore, the individual components of Ψ are qi eigenstates in this basis. We label them
as
Ψ =

λ χ
ξ1 ψ1
ξ2 ψ2
ξ3 ψ3
 , (2.19)
and give their qi charges in Table 1 as well. In terms of these variables, the action of the
mother theory Eq. (2.1) becomes
S =
1
g2
Tr
[
1
2 [za, za]
2 + 2
∣∣ǫabczazb∣∣2 +√2 (λ [za, ψa]− χ [za, ξa] + ǫabcψa [zb, ξc])
]
. (2.20)
The next task is to construct the r charges out of independent linear combinations of
the qi. The criterion for choosing one combination over the other is that (i) all ra charges
must be integer for Eq. (2.9) to define a ZN transformation; (ii) all ra charges should be 0 or
±1 if we only want interactions between neighboring sites of the lattice; (iii) as explained in
Refs. [1,2], the number of unbroken supersymmetries equals the number of r = 0 Grassmann
variables, so we want the maximum number of fermion components (half of them) to have
ra = 0 for each a. These considerations lead us to define the three ra charges:
r1 = q1 + q4 , r2 = q2 + q4 , r3 = q3 + q4 . (2.21)
Table 1 lists the r charges for each of the variables in the mother theory.
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z1 z2 z3 λ ξ1 ξ2 ξ3 χ ψ1 ψ2 ψ3
q1 +1 0 0 +
1
2 +
1
2 −12 −12 +12 +12 −12 −12
q2 0 +1 0 +
1
2 −12 +12 −12 +12 −12 +12 −12
q3 0 0 +1 +
1
2 −12 −12 +12 +12 −12 −12 +12
q4 0 0 0 −12 −12 −12 −12 +12 +12 +12 +12
r1 +1 0 0 0 0 −1 −1 +1 +1 0 0
r2 0 +1 0 0 −1 0 −1 +1 0 +1 0
r3 0 0 +1 0 −1 −1 0 +1 0 0 +1
Table 1: The q1,...,4 charges of the boson, fermion, and auxiliary fields of the Q = 8 mother theory
under the U(1)4 subgroup of GR = SO(6)× SU(2). The r1,2,3 charges are the linear combinations of
the q charges which define the possible orbifold projections. The za fields have charges opposite to
those of their unbarred counterparts.
By choosing the orbifold group Γ to be ZN , Z
2
N or Z
3
N we will obtain one-, two-, or three-
dimensional lattices, possessing four, two or one supersymmetries respectively. We could in
principle create a four dimensional lattice, but it would not respect any exact supersymmetry.
In the remainder of this article we focus on the two- and three-dimensional lattices.
3. The two dimensional lattice
To create a two dimensional lattice from the Q = 8 mother theory, which will describe the
(4, 4) SYM theory in the two-dimensional continuum, we orbifold by ZN ×ZN , where the two
ZN transformations are determined by the charges r1 and r2 in Table 1. The lattice we obtain
takes the form shown in Figure 1, with {z3, z3, λ} residing at the sites; {z1, z1, ξ2, ψ1} on the
eˆ1-links, {z2, z2, ξ1, ψ2} on the eˆ2-links; and {ξ3, ψ3} along the diagonal links. The lattice
action in terms of the component fields follows immediately from our r charge assignments
and Eq. (2.20), and is the action of Eq. (1.2), with the omission of the soft supersymmetry
breaking term proportional to µ. The symmetries of this action includeQ = 2 supersymmetry,
the U(k) gauge symmetry, a U(1)4 global symmetry (generated by the four qi charges), and
a C2v lattice symmetry. The generators of the C2v symmetry consist of reflections about
the diagonal axis, σd, and π rotations about the normal to the lattice, C2. It is worthwhile
to make these symmetries manifest so that we can more easily analyze the approach to the
continuum.
3.1 The Q = 2 supersymmetry of the d = 2 lattice
We begin by rewriting the action in a superfield formalism, which will make the Q = 2
symmetry manifest.
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To find the exact supersymmetry transformations, we need only find the subset of the full
supersymmetry transformations in Eq. (2.7) which commute with the r = {r1, r2} charges.
One finds these to correspond to restricting the supersymmetric parameter κ in Eq. (2.7) to
the form
κ =

η 0
0 0
0 0
0 η
 (3.1)
where η and η are independent one-component Grassman parameters. Then the supersym-
metry transformations in the mother theory in Eq. (2.7), restricted to κ as given above,
are
δzi = i
√
2 η ψi δzi = iǫij
√
2 η ξj
δψi = 2iη [zi, z3] δξi = −2iǫij η [zj , z3]
δz3 = i
√
2 (η ψ3 + η λ) δz3 = 0
δψ3 = iη ([zi, zi]− [z3, z3]) δλ = −iη ([zi, zi] + [z3, z3])
δχ = 2iη [z1, z2] δξ3 = −2iη [z1, z2] .
(3.2)
The fact that both sides of these transformations carry the same r charges is equivalent to the
statement that the orbifold projection leaves these supersymmetry transformations unbroken.
We have grouped together fields according to their r charges: the three groups above reside
on the lattice at the x- and y-links, sites, and diagonal links respectively.
The supersymmetry transformations Eq. (3.2) may be written in terms of two super-
charges Q and Q as
δ = iηQ+ iηQ . (3.3)
The Q and Q supercharges may be realized in terms of the independent Grassmann coordi-
nates θ and θ by defining
Q =
∂
∂θ
+
√
2 θ[z3, · ] , Q = ∂
∂θ
+
√
2 θ[z3, · ] . (3.4)
This requires the introduction of three auxiliary fields d, G and G, since the last two lines of
Eq. (3.2) are only compatible with Q2 = Q2 = 0 after invoking the equations of motion. The
auxiliary fields modify the variations of λ, χ, ψ3, and ξ3 which now read:
δψ3 = iη ([zi, zi]− [z3, z3]− id) δλ = −iη ([zi, zi] + [z3, z3] + id)
δχ = iη (2 [z1, z2]−
√
2G) δξ3 = −iη (2 [z1, z2]−
√
2G)
(3.5)
while the auxiliary fields vary in such a way as to ensure Q2 = Q2 = 0:
δG = 2iη ǫij [zi, ψj ]
δG = −2iη [zi, ξi]
δd = −
√
2 η ([zi, ψi] + [z3, ψ3])− i
√
2 η (ǫij [zi, ξj ] + [z3, λ]) .
(3.6)
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We can also define supersymmetric derivatives which anticommute with the Q’s:
D = ∂
∂θ
−
√
2 θ [z3, · ] , D = ∂
∂θ
−
√
2 θ [z3, · ] . (3.7)
All of the link fields may then be combined into chiral superfields:
Zi = zi +
√
2 θψi −
√
2 θθ[z3, zi] , Zi = zi +
√
2 θǫij ξj +
√
2 θθ[z3, zi] ,
Ξ = ξ3 +
√
2 θ(G−
√
2 [z1, z2])−
√
2 θθ[z3, ξ3] , Ξ = χ−
√
2 θ(G−
√
2 [z1, z2]) +
√
2 θθ[z3, χ] .
(3.8)
satisfying the chiral constraints DZi = DΞ = 0, and DZi = DΞ = 0. The site variables reside
in a non-chiral superfield
S = z3 +
√
2 θψ3 +
√
2 θλ+
√
2 θθ([zi, zi] + id) . (3.9)
From the S superfield we can create the chiral and anti-chiral superfields which will appear
in the action:
Υ =
DS√
2
= ψ3 + θ([zi, zi]− [z3, z3] + id) +
√
2θθ[z3, ψ3],
Υ =
DS√
2
= λ− θ([zi, zi] + [z3, z3] + id)−
√
2θθ[z3, λ] .
(3.10)
Note that z3 is a singlet under the two supersymmetries, and so is a superfield all by itself.
Also note that the θ (θ) components of (anti-)chiral superfields, and the θθ components of a
general superfield, transform under supersymmetry into a commutator; therefore the trace of
such terms are supersymmetric invariants and are suitable for construction of the action.
In terms of these superfields, the action of the mother theory in Eq. (2.20) may be written
as
S =
∫
dθdθ Tr
(
1
2
ΥΥ+
1√
2
Zi[S,Zi]− 1
2
ΞΞ
)
+
∫
dθ Tr (Ξ [Z1,Z2])−
∫
dθ Tr
(
Ξ [Z1,Z2]
)
,
(3.11)
The only difference between the above action and that of Eq. (2.20) is the addition of the
auxiliary variables d, G and G, which only enter the action as
Saux = Tr
[
d2
2
+GG
]
, (3.12)
with the equations of motion d = G = G = 0, and have no effect on the dynamics of the
theory.
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After performing the orbifold projection, the superfields take the form
Zi,n = zi,n +
√
2 θψi,n −
√
2 θθ(z3,nzi,n − zi,nz3,n+eˆi) ,
Zi,n = zi,n +
√
2 θǫijξj,n +
√
2 θθ(z3,n+eˆizi,n − zi,nz3,n) ,
Ξn = ξ3,n +
√
2 θ
(
Gn −
√
2 ǫij zi,n+eˆjzj,n
)
−
√
2 θθ(z3,n+eˆ1+eˆ2ξ3,n − z3,nξ3,n) ,
Ξn = χn −
√
2 θ
(
Gn −
√
2 ǫij zi,nzj,n+eˆi
)
+
√
2 θθ(z3,nχn − χnzn+eˆ1+eˆ2) ,
Sn = z3,n +
√
2 θψ3,n +
√
2 θλn +
√
2 θθ
(
zi,n−eˆizi,n−eˆi − zi,nzi,n + idn
)
,
Υn = λn − θ
(
zi,n−eˆizi,n−eˆi − zi,nzi,n + [z3,n, z3,n] + idn
)
−
√
2θθ[z3,n, λn] ,
Υn = ψ3,n + θ
(
zi,n−eˆizi,n−eˆi − zi,nzi,n − [z3,n, z3,n] + idn
)
+
√
2θθ[z3,n, ψ3,n] .
(3.13)
The orbifold projection of the mother theory action in Eq. (3.11) may be written in terms of
these lattice superfields as
S =
∑
n
Tr
[∫
dθdθ
(
1
2
ΥnΥn +
1√
2
Sn(Zi,nZi,n − Zi,n−eˆiZi,n−eˆi)−
1
2
ΞnΞn
)
+
∫
dθ
(
ǫij ΞnZi,nZj,n+eˆi
)
−
∫
dθ
(
ǫij ΞnZi,n+eˆjZj,n
)] (3.14)
3.2 The C2v and U(1)
4 symmetries of the d = 2 lattice
The action of the C2v and U(1)
4 lattice symmetries are conveniently expressed in terms of
superfields. The generators of C2v are C2, corresponding to rotations of the lattice by π, and
σd, which reflects the lattice about the diagonal. Their effect on the various superfields of the
theory are shown in Table 2. Note that this symmetry does not commute with supersymmetry,
as the C2 generator acts nontrivially on the Grassmann parameter θ. Also shown in Table 2
are the charges of the fields under the U(1)4 symmetry. We choose the four U(1) charges to
be r = {r1, r2}, q3 and q4; the charges for the individual component variables were given in
Table 1. Note that both q3 and q4 generate R-symmetries under which θ and θ are charged.
Furthermore, unlike in Minkowski space, one cannot find a linear combination of q3 and q4
which is not an R-symmetry, as θ and θ are independent in Euclidean superspace. Also note
that q4 does not commute with the lattice symmetry transformation C2.
3.3 The continuum limit of the d = 2 lattice
The lattice action we have defined has a large classical moduli space, the space of possible
values for our bosonic variables for which the ground state energy is zero. Following the
procedure used in Refs. [1,2], we now expand our lattice action about the particular point in
moduli space
z1,n = z2,n =
1√
2 a
1k , (3.15)
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θ θ Z1,n Z1,n Z2,n Z2,n Ξn Ξn Sn Υn Υn
C2 -θ -θ Z1,−n−eˆ1 Z1,−n−eˆ1 Z2,−n−eˆ2 Z2,−n−eˆ2 Ξ−n Ξ−n S−n −Υ−n −Υ−n
σd θ θ Z2,n˜ Z2,n˜ Z1,n˜ Z1,n˜ −Ξn˜ −Ξn˜ Sn˜ Υn˜ Υn˜
r 0 0 {1, 0} {−1, 0} {0, 1} {0,−1} {−1,−1} {1, 1} {0, 0} {0, 0} {0, 0}
q3
1
2
1
2 0 0 0 0
1
2
1
2 1
1
2
1
2
q4 −12 12 0 0 0 0 −12 12 0 −12 12
Table 2: The action of the C2 and σd generators of the C2v lattice symmetry on the superfields for
the two-dimensional lattice of Fig. 1, as well as the U(1)4 charges taken to be r = {r1, r2}, q3 and
q4. The r charges correspond to the position of the superfield in the unit cell of the lattice. The
coordinate used are n = {nx, ny} and n˜ = {ny, nx}. Neither the C2 nor the q4 charge commute with
supersymmetry.
where 1k is the k × k unit matrix, and a is interpreted as the lattice spacing. We obtain
the continuum superfields by replacing the lattice coordinates n = {nx, ny}with continuous
variables {x, y}, and shifting the fields
Φ1 ≡ Z1 − 1√
2 a
1k ,
(φ1 + iv1)√
2
≡ z1 − 1√
2 a
1k
Φ2 ≡ Z2 − 1√
2 a
1k ,
(φ2 + iv2)√
2
≡ z2 − 1√
2 a
1k ,
(3.16)
defining the superfields Φi and the component fields φi, vi (not to be confused with the gauge
fields of the mother theory). Both φi and vi are Hermitean matrices. We then expand both
the superfields in Eq. (3.13) and the lattice action Eq. (3.14) in powers of the lattice spacing
a
1. Defining the covariant derivatives and field strength
D1 = ∂1 + iv1 , D2 = ∂2 + iv2 , v12 = −i[D1,D2] , (3.17)
1Although we do not show it here, the free spectrum of the lattice action does not have any fermion
“doublers”, so we are justified in keeping only smooth fields in the continuum limit, ignoring states near the
edges of the Brillouin zone. How this works was shown explicitly for the Q = 4 theory of Ref. [2]
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we find the continuum superfields, up to terms of order O(a):
Φm =
(φm + ivm)√
2
+
√
2θψm + θθ (Dmz + [φm, z]) +O(a)
Φm =
(φm − ivm)√
2
+
√
2θ ǫmnξn + θθ (Dmz − [φm, z]) +O(a)
S = z +
√
2 θψ3 +
√
2 θλ+
√
2θθ (−D1φ1 −D2φ2 + id) +O(a)
Ξ = ξ3 + θ
(√
2G+ (D1φ2 −D2φ1 − iv12 − [φ1, φ2])
)
−
√
2θθ[z, ξ3] +O(a)
Ξ = χ+ θ
(
−
√
2G+ (D1φ2 −D2φ1 + iv12 + [φ1, φ2])
)
+
√
2θθ[z, χ] +O(a)
Υ = λ+ θ (D1φ1 +D2φ2 − [z, z] − id)−
√
2 θθ[z, λ] +O(a)
Υ = ψ3 − θ (D1φ1 +D2φ2 + [z, z]− id) +
√
2 θθ[z, ψ3] +O(a)
(3.18)
From the definition of the continuum superfields and the gauge transformation properties
of the lattice variables, it is straightforward to determine how the continuum superfields
vary under smooth gauge transformations. One finds that (up to O(a) corrections) all fields
transform as U(k) adjoints, except for the Φm fields which transform inhomogeneously
Φm → UΦmU † + 1√
2
U∂mU
† +O(a) , Φm → UΦmU † − 1√
2
U∂mU
† +O(a) . (3.19)
It follows that we can define the super-covariant derivatives
Dm = ∂m +
√
2Φm , Dm = −∂m +
√
2Φm , (3.20)
which transform as Dm → UDmU †+O(a), and similarly for Dm. From these one can construct
chiral gauge field strength superfields V and V
Vmn = −i[Dm,Dn]
= (vmn − i (Dmφn −Dnφm)− i[φm, φn])
− 2i θ (Dmψn −Dnψm + [φm, ψn]− [φn, ψm])
+
√
2 θθ[vmn + i (Dmφn −Dnφm) , z] ,
Vmn = −i[Dm,Dn]
= (vmn + i (Dmφn −Dnφm)− i[φm, φn])
+ 2i θ (Dmǫnpξp −Dnǫmpξp − ǫnp[φm, ξp] + ǫmp[φn, ψp])
−
√
2 θθ[vmn + i (Dmφn −Dnφm) , z] ,
(3.21)
as well as a “vector” gauge superfield strength W:
W =
2∑
m=1
[Dm,Dm] =
√
2 ∂m(Φm +Φm) + 2[Φm,Φm]
= 2Dmφm + 2θ(Dmψm − [φm, ψm]) + 2θǫmn(Dmξn + [φm, ξn])
+ 2
√
2 θθ
(
DmDmz − [φm, [φm, z]]−
√
2 {ψm, ǫmnξn}
)
.
(3.22)
– 15 –
The action Eq. (3.14) may be compactly expressed in terms of these fields in a manifestly
gauge and Q = 2 supersymmetric way as
S =
1
2g22
∫
d2x Tr
[∫
dθ dθ
(
ΥΥ+
1√
2
SW −ΞΞ
)
− i
∫
dθ ΞV12 + i
∫
dθ ΞV12
]
+O(a) ,
(3.23)
with g22 ≡ g2a2. After some algebra it is possible to show that the above action in the a→ 0
limit is identical to the action of the target theory (reproduced here from Eq. (1.1))
S =
1
g22
∫
d2x Tr
[
1
4
vmnvmn+
1
2
(Dmsa)
2+ΨiγmDmΨi+Ψi[s0, Ψi]+iΨiγ3τ ij ·[s, Ψj ]−14 [sa, sb]2
]
(3.24)
with the substitutions
Ψ1 =
(
ξ1
ξ2
)
, Ψ2 =
(
λ
−ξ3
)
, Ψ1 =
(−χ ψ3) , Ψ2 = (ψ1 ψ2) . (3.25)

s0
s1
s2
s3
 =

φ1
−(z + z)/√2
i(z − z)/√2
φ2
 (3.26)
in the following γ-matrix basis:
γ1 = −σ3 , γ2 = −σ1 , γ3 = σ2 . (3.27)
It is not perversity that leads us to choose an off-diagonal matrix for the chirality matrix γ3—
since chiral rotations are anomalous in the continuum theory, they mix fermion components
from different locations on the lattice. As we chose a basis in Eq. (1.5) where each fermion
component of the continuum corresponds to a particular lattice variable, the γ3 matrix must
necessarily be off-diagonal.
3.4 Renormalization on the d = 2 lattice
The discussion of renormalization for this two dimensional lattice is similar to those given in
Refs. [1, 2]. We have shown that the tree level action has the desired continuum limit; we
must now argue that there are no relevant or marginal operators generated radiatively which
violate the Lorentz and Q = 8 supersymmetry of the target theory. An essential part of our
argument relies on the fact that any such operators must be invariant under the exact Q = 2
supersymmetry, U(k) gauge symmetry and the C2v and U(1)
4 global symmetries respected
by the lattice action.
Consider the addition to the action of chiral operators O and O, or a vector operator Ô:
δS =
1
g22
∫
d2x
[(∫
dθ C O +
∫
dθ CO
)
+
∫
dθ dθ ĈÔ
]
. (3.28)
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We will ignore the anti-chiral operator O, which has the same power counting as the chiral
operator O and is related by the C2 lattice symmetry. For power counting purposes, 1g22
∫
d2x
has scaling dimension −4, dθ, dθ, D and D all scale with dimension +12 . A contribution to
any operator coefficient at ℓ loops is proportional to g2ℓ2 . Since the coupling g2 has mass
dimension 1, the loop expansion is an expansion in powers of the dimensionless parameter
(g22a
2)ℓ. Consequently the operator coefficients have a loop expansion of the form
C = ap−7/2
∑
ℓ
cℓ (g
2
2a
2)ℓ ,
Ĉ = ap̂−3
∑
ℓ
ĉℓ (g
2
2a
2)ℓ ,
(3.29)
where the chiral and vector operators O and Ô are assumed to have mass dimension p and p̂
respectively. The dimensionless expansion coefficients cℓ and ĉℓ depend at most logarithmi-
cally on the lattice spacing a. Considering ℓ ≥ 1, we see that the dangerous operators are the
ones satisfying
p− 3
2
≤ 0 , p̂− 1 ≤ 0 . (3.30)
The only possibilities for O on dimensional grounds are O = Tr Ξ or O = Tr Υ; however
the former is excluded by its oddness under the σd generator of the lattice C2v symmetry
(see Table 1), while the θ component of Tr Υ is a total derivative and does not contribute
to the action. As for the vector superfield operator operator, the only option is Ô = Tr S.
This contributes a tadpole for the U(1) d-term, and so looks like a standard Fayet-Illiopoulos
term, which in this case contributes only to a harmless cosmological constant. Thus the Q = 8
target theory is obtained without any fine tuning of parameters, since no marginal or relevant
operators spoil its emergence in the a→ 0 limit.
3.5 Fixing the moduli
The last loose end to tie up is the fixing of moduli (bosonic zeromodes). The analysis is
identical to that in §6 of Ref. [2], and so we only recapitulate the results here. The first
point is that fixing the “vacuum expectation values” of the z1,n and z2,n link fields as in
Eq. (3.15) requires the addition of a supersymmetry breaking term to the action which lifts
the degeneracy of the moduli. In terms of the continuum variables it takes the form of a small
mass term µ for the sa boson quartet, which vanishes in the large volume limit. In terms of
the lattice variables, such a term can take the form of the last line in Eq. (1.1):
a2µ2
2
[(
z1,nz1,n − 1
2a2
)2
+
(
z2,nz2,n − 1
2a2
)2
+ 2
z3,nz3,n
a2
]
. (3.31)
The parameter µ can be taken to be . 1/L = 1/Na. The mass terms in Eq. (3.31) serve to
fix the scalar zeromodes, just as an external magnetic field whose strength scales to zero in
the large volume limit can be used to study systems with spontaneous magnetization. There
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is the separate issue of the infrared divergences of nonzero momentum modes of the moduli,
which one might expect to be severe in two dimensions, spoiling our expansion about 〈z1,n〉 =
〈z2,n〉 = 12√a ; however, as shown in Ref. [2] this is in fact not a problem with our method,
provided the continuum and large volume limits are taken so that a2g22 lnN = a
4g2 lnN → 0.
4. The three dimensional lattice
4.1 The d = 3 lattice action and its symmetries
The three dimensional lattice is derived from the Q = 8 mother theory by performing a
Z3N orbifold projection, where the Z
3
N symmetry is defined by the charges r1,2,3 in Table 1.
This lattice will describe the N = 4 supersymmetry in three dimensions in the continuum,
whose action is given Eq. (1.7). The lattice we obtain takes the form shown in Fig. 2, with
λ residing at the sites; {za, za, ψa} on the zˆa-links for a = 1, 2, 3; the ξa on the diagonal
face links; and χ on the superdiagonal link. This lattice possesses a C3v ∼= S3 point group
symmetry, consisting of 2π/3 rotations around the χ link, as well as reflections about the
three planes containing both χ and ψi links. The lattice action is also invariant under a single
supersymmetry transformation, obtained by setting κ in the supersymmetry transformations
of the mother theory Eq. (2.7) to
κ =

η 0
0 0
0 0
0 0
 . (4.1)
Following the procedure followed for the two dimensional lattice, we introduce a Grass-
mann coordinate θ and define the supersymmetry transformation to be
δ = iη Q , Q =
∂
∂θ
, (4.2)
which acts on the superfields
Λn = λn − θ (za,n−eˆa za,n−eˆa − za,n za,n + idn) ,
Za,n = za,n +
√
2 θ ψa,n ,
Ξa,n = ξa,n − 2θ ǫabc zb,n+eˆczc,n .
(4.3)
In the above equation repeated indices are summed over 1, 2, 3, and eˆa is a unit lattice
vector in the positive za direction. In terms of individual components, the supersymmetry
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transformations are given by
δza,n = i
√
2 ηψa,n
δza,n = 0
δψa,n = 0
δξa,n = −2iηǫabc (zb,n+eˆczc,n)
δλn = −iη (za,n−eˆa za,n−eˆa − za,n za,n + idn)
δχn = 0
δdn = −
√
2 η (za,n−eˆaψa,n−eˆa − ψa,nza,n) .
(4.4)
Note that za, ψa and χ are all supersymmetric singlets, as is the θ component of any superfield.
The lattice action we obtain may be written in manifestly Q = 1 supersymmetric form
as
S =
1
g2
∑
n
Tr
(∫
dθ
[
−12Λn∂θΛn −Λn (za,n−eˆaZa,n−eˆa − Za,nza,n) + ǫabcΞa,nZb,nZc,n+eˆb
]
−
√
2χn (za,n+ωaΞa,n −Ξa,n+eˆaza,n)
)
,
(4.5)
with
ωa ≡
∑
b6=a
eˆb = {1, 1, 1} − eˆa . (4.6)
The last term in the action is not integrated over θ, even though it contains the nontrivial
superfield Ξ. However, due to the ǫabc tensor in the θ component of Ξ, one can see that
the θ component of the Tr χ[z,Ξ] operator in the action above identically vanishes, so that
Tr χn (za,n+ωaΞa,n −Ξa,n+eˆaza,n) is θ-independent and hence supersymmetric.
The transformations of the superfields under the global symmetries of the theory are
given in Table 3. In this table the S3 generators R and Σ are given by
R =
0 1 00 0 1
1 0 0
 Σ =
0 1 01 0 0
0 0 1
 . (4.7)
4.2 The continuum limit of the d = 3 lattice
As we did for the two dimensional lattice, we now reexpress the three dimensional lattice
theory in terms of continuum superfields which facilitates the analysis of its properties under
renormalization. We define the shifted link fields
(φa + iva)√
2
≡ za − 1√
2 a
1k , Φa ≡ Za − 1√
2 a
=
(φa + iva)√
2
+
√
2θψa , (4.8)
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θ Za,n za,n Ξa,n Λn χn
C3 θ Rab Zb,Rn Rab zb,Rn RabΞb,Rn Λn χn
σ3 θ Σab Zb,Σn Σab zb,Σn −ΣabΞb,Σn Λn χn
r 0 eˆa - eˆa eˆa −
∑
b eˆb 0
∑
b eˆb
q4 −12 0 0 −12 −12 12
Table 3: The transformation properties of fields on the three dimensional lattice under the global
S3 ×U(1)4 symmetry. C3 and σ3 generate the S3 group, with the former consisting of 2π/3 rotations
about the vector {1, 1, 1}, and σ3 corresponding to reflections about the plane containing the {0, 0, 1}
and {1, 1, 1} vectors. The matrices R and Σ are given in the text. The global U(1)4 symmetry is taken
to be generated by the three r charges, and q4, the latter being an R-charge on the lattice.
where the subscript a runs over 1, 2, 3. The ordinary gauge covariant derivatives and field
strength are defined as
Dm = ∂m + ivm , vmn = −i[Dm,Dn] . (4.9)
where the spacetime indices m,n = 1, 2, 3. The continuum limit of the lattice fields involves
keeping only the smooth configurations, as explicit computation shows that the perturbative
propagators exhibit no poles near the edges of the Brillouin zone. We can write the continuum
superfields (up to O(a) corrections) as
Φa =
φa + iva√
2
+
√
2 θ ψa ,
Ξa = ξa +
1
2θ ǫabc (Dbφc −Dcφb − [φb, φc]− ivbc) +O(a) ,
Λ = λ+ θ (Daφa − id) +O(a) ,
(4.10)
where each field transforms as an adjoint under the U(k) gauge symmetry, and is a function
of the three coordinates in our three dimensional Euclidean spacetime. The lattice action
is again most easily written by introducing super-covariant derivatives, which in the present
case are
Dm ≡ ∂m +
√
2Φm , Dm ≡ −∂m + (φm − ivm) = −Dm + φm . (4.11)
From these one can construct the field strengths
Vmn = −i[Dm,Dn]
= −i (Dmφn −Dnφn + [φm, φn] + ivmn)− 2iθ (Dmψn −Dnψm + [ψm, φn]− [ψn, φm]) ,
W = [Dm,Dm] = 2Dmφm + 2θ(Dmψm + [ψm, φm]) ,
(4.12)
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where m is summed over 1, 2, 3 in the expression for W. The lattice action Eq. (4.5) may
then be rewritten in terms of continuum fields, with g23 ≡ a3g2, as
S =
1
g23
∫
d3x Tr
(
−χ[Da,Ξa] +
∫
dθ
[
−12Λ∂θΛ+ 12ΛW +
i
4
ǫabcΞaVbc
])
+O(a) . (4.13)
In terms of components, after eliminating the auxiliary field d, this yields the desired target
theory
S =
1
g23
∫
d3x Tr
[
1
4
vmnvmn+
1
2
(Dmφa)
2+ΨiσmDmΨi−Ψiτaij ·[φa, Ψj ]−
1
4
[φa, φb]
2
]
. (4.14)
where the fermions fields are given by
Ψ1 =
1√
2
 ψ3 − iχ
ψ1 + iψ2
 , Ψ1 = i√
2
 ξ3 + iλ
ξ1 − iξ2
T (4.15)
(4.16)
Ψ2 =
1√
2
−ψ1 + iψ2
ψ3 + iχ
 , Ψ2 = i√
2
−ξ1 − iξ2
ξ3 − iλ
T (4.17)
in a basis where the three gamma matrices are just the Pauli matrices,
γm = σm . (4.18)
4.3 Renormalization on the d = 3 lattice
To find out whether operators might be radiatively induced which could spoil the continuum
limit, we follow the same procedure as in § 3.4. Counterterms in the action will take the
generic form 2
δS =
1
g23
∫
d3x
[∫
dθ CO
]
, (4.19)
where O is an operator of dimension p. The coupling g23 scales like mass, while d3x and dθ
have mass dimension (−3) and 1/2 respectively. Then on dimensional grounds, contributions
to C in a loop expansion are of the form
C = ap−7/2
∑
ℓ
cℓ(g
2
3a)
ℓ (4.20)
where ℓ counts the number of loops and cℓ is dimensionless, depending at most logarithmically
on a. If O is an operator which violates the symmetries of the target theory then its coefficient
2One might wonder if there could be operators induced which do not have to be integrated over θ, such as
the first one in Eq. (4.13). However, it is not hard to show that there are no such operators that satisfy our
criteria for “dangerous operators”, due to the combined strictures of gauge invariance and the S3 symmetry.
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should vanish in the a → 0 limit, or the continuum limit will be spoiled. Since radiative
corrections begin at ℓ = 1, it follows that we need to check whether the theory allows operators
with p ≤ 52 which respect the exact symmetries of the lattice.
The operator O must be Grassmann, and hence its dimension must be half integer. It
must have U(1) charge q4 = −12 , and be invariant under the gauge and S3 symmetries.
Denoting generic bosonic superfields as B and fermion superfields as F , we find that there is
no operator of dimension p ≤ 12 ; at dimensions p = 32 O must take the form ∂θB or F . The
former is a total derivative, but the latter is a possibility. However when the symmetries are
taken into account, the only possible operator one could add is O = Tr Λ. This is a Fayet-
Iliopoulos term, and as discussed previously, it only contributes to a cosmological constant,
and does not affect the excitations of theory.
At dimension p = 52 the choices for O are B∂θB′ and FB. The former can be ruled out
as there is no operator of that form with q4 = −12 . However there are two similar operators
of the form FB which are invariant under all the symmetries, namely
O1 = 1√
2
∑
a
Tr Λ
(
Φa + φa
)
, and O2 = 1√
2
∑
a
Tr Λ Tr
(
Φa + φa
)
. (4.21)
Note that Φa and φ¯a must appear in this combination for the inhomogeneous shift under
gauge transformations to cancel. In component form, these operators are equivalent to∑
aTr (−λψa + (Dbφb − id)φa) and its double trace analogue. On the elimination of d, such
operators would induce the scalar mass term Tr (
∑
a φa)
2. The coefficients of these operators
can have at most a logarithmic divergence at one loop, and vanishing contributions at higher
loops. Therefore, while we cannot rule out that these operators could be radiatively induced,
in principle the critical couplings can be determined from a one-loop calculation on the lattice.
The discussion about how to fix the moduli of the three dimensional theory is similar to
that given in § 3.5 for the two dimensional case, and we will not repeat it here.
In conclusion, the three dimensional lattice allows two supersymmetric counterterms
which could be radiatively induced at one loop, and which would spoil the continuum limit.
The coefficient of this operator only runs logarithmically with scale, and it must be tuned to
the critical point, either numerically, or theoretically by performing a one loop computation
on the lattice.
5. Discussion
We have explicitly constructed a nonperturbative regulator for quantum field theories with
eight supercharges in two and three Euclidean dimensions. Although there may be challenges
to overcome, such as a potential sign problem with the fermion determinant3 (as there is
in the two dimensional theory with four supercharges [9]), we hope that eventually these
lattice may be of use for numerical simulations. While there is a substantial literature on
3J. Giedt, private communication
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these theories already, most previous theoretical investigations have centered on trying to
understand the structure of their moduli spaces. Presumably numerical simulations would
begin by establishing that the supersymmetric Ward identities are satisfied, and proceed with
a study of the particle spectrum, about which little is known.
We are optimistic that these lattices could prove useful for theoretical investigations
as well, such as furthering our understanding of mirror symmetry in three dimensions [15],
or leading to the construction of a nonperturbative Nicolai map [16] in a fully regulated
supersymmetric gauge theory.
A final paper in this series in preparation will address the construction of spacetime
lattices for theories with sixteen supercharges.
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